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Abstract. The action of Weyl scale invariant p=3 brane (domain wall) which
breaks the target super Weyl scale symmetry in the N=1, 5D superspace down to
the lower dimensional Weyl symmetry W (1, 3) is derived by the approach of coset
method. Its dual form action for the Weyl scale invariant tensor gauge field theory
is also constructed.
In Type II string theory, BPS D-branes which carry R-R charges break the bulk
N=2 spacetime supersymmetries and are invariant under only half of the original
supersymmetries [1]. Its supersymmetric extension of Born-Infeld action describing
the super BPS D-branes is realized by using Kappa-symmetry which is needed for
gauging away one half of the fermionic degrees of freedom [2]. In addition, one
can also find super BPS D-branes theories in dimensions other than ten in Ref.[3].
However, when no Kappa-symmetry is considered, the number of fermionic degree of
freedom becomes the appropriate number of fermionic Goldstone modes for breaking
the bulk supersymmetry completely; this is the case of non-BPS D-brane [4]. Al-
though there is no manifest supersymmetry for this non-BPS D-brane world volume
theory, the world volume theory is supersymmetric but it is realized as a spon-
taneously broken symmetry. There have been many generalized proposals for the
construction of non-BPS D-branes [5]. For the case when all the supersymmetry
are spontaneously broken, in Ref.[6], a space filling non-BPS D-brane which breaks
the supersymmetries of the target non-centrally extended N=2, 3D superspace, is
introduced by means of the Green-Schwarz approach [7] as considered in [4]. And
this action is found to be dual to a non-BPS p=2 brane, which is alternatively con-
structed from coset approach and totally breaks the supersymmetry in the embedded
N=1, 4D superspace.
By the same coset approach, in this manuscript, a domain wall (brane) action
with Weyl scale symmetry embedded in the target N=1, 5D superspace is con-
structed, which totally breaks all the target supersymmetries. But its dual form,
unlike the normal action of the Born-Infeld D-brane type or the Weyl invariant Dp
brane type [8,9] that admits a vector field localized on the brane, is a Weyl scale
invariant tensor field theory instead.
Consider 5D dimension super-Weyl group G, whose generators include W (1, 4)
[10] Weyl group (formed byMMN , PM and Weyl scale (dilatation) generator D )and
eight minimum supersymmetrical charges Qa and its conjugate Q¯a, where Qa has
four complex components with component index a=1, 2, 3, 4. It has the following
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N=1, 5D super-Poincare algebra and Weyl scale (anti)commutation relations:












[MMN ,MOQ] = i(ηNOMMQ + ηMQMNO − ηMOMNQ − ηNQMMO)
[MMN , PR] = i(ηNRPM − ηMRPN) (1)
and
[D,MMN ] = 0, [D,D] = 0, [D,PM ] = −iPM
[D,Qa] = −1
2
iQa, [D, Q¯a] = −1
2
iQ¯a, (2)
where ηMN = (1,−1,−1,−1,−1), γM = (γµ, γ4), γ4 = −γ0γ1γ2γ3, Q¯a = Q+b γ0ba, γMN =
[γM , γN ]/2 and M,N=0,1,2,3,4. In our construction, we consider a domain wall
embedded in the N=1, 5D superspace. In such a case, we have a three spacial
dimensional brane embedded in the superspace and breaks down the target space
super-Weyl invariance to a lower dimensional Weyl group symmetryW (1, 3). Whose
unbroken generators, for example, are {Mµν , D, Pµ}, where the index µ, ν = 0, 1, 2, 3.
Besides the spontaneously broken automorphism generatorsMµ4, the broken genera-
tors are the translation generator P4 transverse to the brane and spinorial generators
Qa and Q¯a in the Grassmann coordinate directions in the superspace. Considering
the world volume of the submanifold, since we will work on the 4D world volume of
the brane dynamics, it is more convenient to express N=1, 5D super Weyl algebra
in terms of 4D Lorenz group indices. In the Weyl representation, introducing two








 , Q¯a = (−iSα, Q¯α˙) (3)
where the Weyl spinor indices α, α˙ = 1, 2. Therefore, from the 4D standpoint of
view, the N=1, 5D SUSY algebra is a central-charged N=2 four dimensions extended
Supersymmetry Poincare superalgebra with one 5D translation generator becoming
the central charge generator Z = P4. And its extended supercharges becomes Qα, Sα.
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With R symmetry suppressed, the N=2, 4D supersymmetry algebra deduced from
the dimensional reduction of the N=1, 5D supersymmetry algebra has the form
{Q,Q} = 2σµPµ, {S, S} = 2σµPµ,
{Q, S} = −2εP4,
[Kµ, Q] = −iσµS¯, [Kµ, S] = iσµQ¯,
[Mµν , Q] = −1
2
σµνQ, [Mµν , S] = −1
2
σµνS, (4)
as well as the Weyl scale relations
[D,Mµν ] = 0, [D,D] = 0, [D,Pµ] = −iPµ
[D,Qα] = −1
2
iQα, [D,Sα] = −1
2
iSα (5)
where Kµ = 2Mµ4. There, it is restricted to group G whose generators can be
divided into two subgroups with one (such as Lorentz group) is the automorphism
group of another subgroup (whose generators associated with (super) spacetime
positions). The transformation of the group G with respect to the coset of the
unbroken automorphism generators group would give us a description of the em-
bedded submanifold, which has the dimensions of the coset space with respect to
the unbroken automorphism generators group of the unbroken subgroup. For the
case of the embedded three spatial dimensional brane, we consider the coset G/H ,
where H has unbroken antomorphism generators {Mµν , D}. We hence have a p=3
brane with W (1, 3) symmetry moving through the coset space G/H ′ with tangent
groupH ′, where H ′ is spanned by the automorphism generators {MMN , D}, which is
the automorphism group of the super spacetime group formed by the set of charges
{Qα, Q¯α˙, Sα, S¯α˙, Pµ}. The submanifold it sweeps out has the dimensions of the coset
G′/H with tangent space group H , where G′ is spanned by the unbroken automor-
phism generators {Mµν , D} and the unbroken spacetime generators Pµ. The group
element G can be parameterized in some neighborhood of the identity element, i.e.
g = ei[a
µpµ+ξQ+ξ¯Q¯+ψS+ψ¯S¯+zZ+bµKµ+αµνMµν+dD] (6)
In the p=3 world volume, we can choose static gauge by using reparameterization
invariance for space time coordinates xµ lying in directions of the brane. An expo-





in which φ(x), θ(x), θ¯(x), λ(x), λ¯(x) and u(x) are the Nambu-Goldstone fields that
depend on variables xµ. Considering the condition that the elements of group G
can be decomposed uniquely into a product form of a Coset representative element
Ω and a subgroup element h of H , we can then have the transformations of these






For the breaking symmetry of (super)spacetime, the only Nambu-Goldstone
fields are those associated with the broken (super)translations, and the superflu-
ous Nambu-Goldstone fields um can be eliminated by imposing invariant conditions
on the Cartan differential forms. Considering the unbroken subgroup W (1, 3) (Weyl
group) of G, the invariant action of the brane can be obtained by using vierbein and
connection one-forms on the submanifold after constructing Cartan one-forms from









+ ωZZ + ω
α
SSα + ω¯S¯α˙S¯
α˙ + ωakKa + ω
µν
MMµν + ωDD) (9)







where adb(a) = [b, a] is the adjoint operation, we get the following building blocks
related to the construction of the invariant action under G:
ωa =(dxb + iθσbdθ¯ − idθσbθ¯ + iλσbdλ¯− idλσbλ¯)










ωZ =(dφ+ id(θλ− θ¯λ¯)) cosh 2
√
u2






where a = 0, 1, 2, 3. We use a, b, c to represent the tangent spacetime indices, and
µ, ν to represent 1 + 3 general coordinates in what follows. On the submanifold
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swept out by the p=3 brane, we work on vierbein bases in the local tangent space.
The invariant interval ds2 = gµνdx
µdxν has the form ds2 = ηabdx
adxb in the tangent






µdxν and dxa = e aµ dx
µ. The






In the local subgroup H formed by algebra {Mµν , D}, under the scale transformation
xµ → x′µ = edxµ, the interval transforms as ds2 → ds′2 = e2dds2. In terms of metric
tensor gµν , because ds
2 = gµνdx
µdxν , then it is understanding that the metric tensor
have a weight 2 under the Weyl scale transformation, i.e.
g′µν = e
2dgµν . (12)
Conversely, gµν has scale weight −2. By using reparameterization invariant the
Cartan forms associated with the unbroken spacetime generators can be used to find
the vierbein e aµ by expanding spacetime one-forms ω
a with respect to the coordinate




b∂µθ¯ − i∂µθσbθ¯ + iλσb∂µλ¯− i∂µλσbλ)




















in which A bµ = (δ
b
µ + iθσ
b∂µθ¯ − i∂µθσbθ¯ + iλσb∂µλ¯ − i∂µλσbλ), and D˜b = A−1µb ∂µ
is the Akulov-Volkov derivative[11-14]. Imposing the invariant condition ωZ = 0 on
the covariant derivative, as a result of the inverse Higgs Mechanism [15], the field






= D˜bφ+ iD˜bθλ+ iθD˜bλ− iD˜bθ¯λ¯− iθ¯D˜bλ¯ = D˜bΦ (14)
















u2 = (D˜Φ)2. (16)
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Plugging Eq.(14) back into Eq.(13), the vierbein hence has the simple form
e aµ =A
b






























1− (D˜Φ)2 − 1)). (17)









ν ηab − ∂µΦ∂νΦ. (18)
Introduce five dynamic variables XM = (Xa, X4) = (Xa,Φ), which are defined as
dXa =dxµA aµ ;
dX4 =∂µ(φ+ iθλ− iθ¯λ¯)dxµ. (19)

























− (∂µφ+ i∂µθλ+ iθ∂µλ− i∂µθ¯λ¯− iθ¯∂µλ¯)






+ terms of θ, θ¯, λ, and λ¯ (20)
where xM = (x0, x1, x2, x3, φ). Consequently, in contrast with the normal spacetime





on the p-brane world volume, there are modi-
fication terms of the metric which are contributed from the Nambu-goldstone fields
θ(x), θ¯(x), λ(x), and λ¯(x) corresponding to the broken symmetries in the superspace
coordinate directions. We introduce the intrinsic metric ρµν on this p=3 brane







|ρ|. By using Eq.(19), the action of the Weyl
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− (∂µφ+ i∂µθλ+ iθ∂µλ− i∂µθ¯λ¯− iθ¯∂µλ¯)
· (∂νφ+ i∂νθλ + iθ∂νλ− i∂ν θ¯λ¯− iθ¯∂νλ¯))}2 (21)
The auxiliary intrinsic metric ρµν can be eliminated by using its equation of mo-
tion. There, ρµν is the inverse of the metric ρµν and ρ stands for the determinant of
ρµν , and T stands for the brane tension. This action describes the brane dynamics
corresponding to a broken symmetry in the φ, θ, θ¯, λ, λ¯ superspace coordinates direc-
tions, and whose long wave length excitation modes are described by these Nambu-
Goldstone fields associated with these broken symmetries. In this case, there are
broken symmetries of Qα, Q¯α˙, Sα, S¯α˙, Z and rotation generators M
µ4 related to the
fifth direction.
Besides the Nambu-Goto Type action of the non-BPS p=3 brane, we can further
find its dual form, which actually is a Weyl scale invariant tensor field theory. From
Eqs.(14, 17), we notice
det e =det(e aµ )














In addition, we notice, by using the Nambu-Goto type p=3 brane action−T
∫





1− (D˜bΦ)2, its equation of motion with respect to the field φ
gives us the relation





) = 0. (23)
We introduce a contravariant gauge field strength vector T µ with







The Bianchi identity of Eq.(23) locally allows us to express the field strength as





invariant under the gauge transformation of the field Aµν . After fixing the gauge,
the additional unphysical degree of freedom of the tensor type potential field may
be eliminated under the gauge transformation, and it turns out only one degree of
freedom is left [16-18]. Then the tensor field has the same degree of freedom as the









1 + T µA bµ T
νA aν ηab. (25)






It has the explicit form



















By using Eq.(25,26), it can be shown
− det(g˜µν + TµTν) =− det g˜(1 + g˜µνTµTν)
=− (det g˜ + det g˜ · g˜µνT µT ν) = det2A · cosh2 2
√
u2 (28)
where g˜ = det g˜µν . Considering the alternative form of Eq.(22)




= detA · cosh
2 2
√






=detA · cosh 2
√



























− det(g˜µν + TµTν)− detA · T µ∂µΦ (30)
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Introduce an intrinsic tensor field Gµν , which has Weyl scale transformation property
Gµν → e2dGµν . (31)
The equation of motion of the intrinsic tensor field Gµν , which can be derived from
Eq.(33), is
Gµν = Ω(g˜µν + TµTν), (32)
where Ω is a constant. Hence a spacetime integral of Eq.(30). After using the
relation ∂r(detA · T r) = 0 to drop the second term by integrating by parts, the








which is classically equivalent to Eq.(22), where Tr and g˜µν are given by Eq.(24) and
Eq.(27 ) respectively.
In summary, in this letter, we start from introducing the super Weyl group and
its automorphism subgroup. Then when the target 5D superspace broken down to
4D spacetime world volume with Weyl scale (dilatation) symmetry kept, the action
of Weyl scale invariant p=3 brane which breaks the super Weyl group symmetry
of the target manifold down to the 1 + 3 dimensional Weyl W (1, 3) symmetry sub-
manifold is then constructed by using coset approach. Its dynamics is described by
the fluctuations modes of Goldstone bosons (Goldstino fermions) associated with
spacetime coordinates (Grassmann coordinates) of the broken symmetry (super)
symmetry. This approach of nonlinear realization has been extensively used to de-
scribe the spontaneous partial breaking of (extended) supersymmetry and construct
actions of (super)brane dynamics[19-21]. In Ref.[22], a general description of non-
linear realization is given to derive the dynamics of the branes. One can also find
its application to branes of M theory with a large automorphism group of super-
algebra [23]. In addition, in the theory of brane world scenarios, the universe can
be regarded as a four dimensional topological defect in the form of domain wall
embedded in a higher dimensional spacetime [24]. In terms of using supersymmetry
breaking to construct the brane world scenario, it has been pointed out that the
non-BPS topological defects can be a source of SUSY breaking [25]. For example, in
Ref.[26], a domain wall is considered in 5D supersymmetry theory. There, it is found
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that the N=1 supersymmetry preserved on the four dimensional world volume of
one wall (brane) is completely broken by the coexistence of the other wall (brane).
As a result, it admits a stable non-BPS wall (brane) configuration, which leads to
another possible origin of the SUSY breaking.
The author thanks T.K.Kuo for support. The author also thanks T.ter Veldhuis
and S.T.Love for some discussions.
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